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Empirical process based on the recursive residuals in
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Recursive residuals are a linear transformation of ordinary residuals. They have frequently been
suggested for testing model fit and model assumptions in linear regression. In this paper, we gen-
eralize the theory of the empirical process based on the residuals in the measurement error models to
the recursive residuals in the measurement error models. We prove that recursive residuals in these
models are asymptotically independent and identically distributed and show that, in this case, the weak
convergence properties of the standardized residuals hold for the studentized recursive residuals. Fur-
thermore, we look at some tests for goodness-of-fit based on the weak convergence of the empirical
distribution of the recursive residuals. We justify the use of goodness-of-fit tests based on recursive
residuals by carrying out a parametric bootstrap simulation study.

Keywords: Errors in variables; Kolmogrov–Smirnov test; Normality test; Weak convergence;
Goodness-of-fit

1. Introduction

There has been considerable interest in recent years in the behaviour of empirical distribution
functions based on regression residuals. Much of this interest stems from the desire to use
residuals in place of unobservable experimental errors in goodness-of-fit tests, often with a
specific interest in tests of normality.

The early work of Durbin [1], Rao and Sethurannan [2] and Neuhaus [3] set the stage by
examining empirical processes when parameters of the underlying distribution function were
estimated. Mugantseua [4] and Pierce and Kopecky [5] were the first to derive the limiting
distribution of the sample empirical process based on least squares residuals. Shorack [6]
extended these results to the general class of residuals based on n1/2-consistent estimators of
the regression coefficients [see also ref. 7, section 4.6]. Wood [8] had earlier examined the
special case of ridge regression.

Portnoy [9] had examined the situation in which the number of regression parameters is
large and Loynes [10] looked at the weak convergence of processes based on generalized
residuals defined by Cox and Snell [11]. Miller [12, 13] was the first to derive the limiting

*Email: rasekh_a@cua.ac.ir

Statistics
ISSN 0233-1888 print/ISSN 1029-4910 online © 2006 Taylor & Francis

http://www.tandf.co.uk/journals
DOI: 10.1080/02331880600589262



248 A. R. Rasekh

distribution of empirical process based upon residuals from errors in variables models. In all
these papers, the authors did not assume normally distributed equation errors.

Recursive residuals are a linear transformation of ordinary residuals. They have frequently
been suggested for testing model fit and model assumptions in linear regression [14–18].
Loynes [19] considered recursive residuals in non-linear models and McGilchrist and Matawie
[20] introduced recursive residuals in generalized linear models. Magnus and Sinha [21] have
a fresh look at recursive residuals and BLUS residuals in regression models.

Unlike ordinary residuals, they are independently and identically distributed and do not
have the problem of deficiencies in one part of the data being smeared over all the residuals.
Galpin and Hawkins [22] proposed the use of normal plot of the recursive residuals to check
the model assumption of normality. In fact, as they are all of the same scale, indications of
non-normality from normal probability plots do indicate non-normality but not differences in
the influences of the observations. An excellent review of developments and applications of
recursive residuals in linear models is given in the work of Kianifard and Swallow [23].

Miller [12, 13] considered the residuals in measurement error models. He studied the theory
of the empirical process based on the residuals and derived the weak convergence of the
residuals as a basis for goodness-of-fit tests. In this article, we generalize these results to the
recursive residuals. In the remaining part of this section, we present the measurement error
model. In section 2, we define the recursive residual and show that they are asymptotically
independent and identically distributed. Furthermore, in section 3, we generalize the theory of
the empirical process to the recursive residuals and show that the main theorem of the Miller
[12, 13], for the weak convergence of the standardized residuals, holds for the studentized
recursive residuals in this case. In section 4, we look at some goodness-of-fit tests based on
weak convergence of the empirical distribution of the recursive residuals. In section 5, we
give an example of real data. Finally, in section 6, we perform parametric bootstrap simulation
studies to examine the power of the proposed goodness-of-fit tests in detecting normality of
the errors for the small and medium sample sizes.

The functional measurement error models will be defined as

Yi = yi + ei, Xi = xi + ui, yi = β ′xi, i = 1, . . . , n (1)

In this model, β is the vector of coefficients and xi is the vector of unobservable fixed values,
both with k dimension. For each unobservable xi and yi , we have observable random vari-
ables Xi and Yi , respectively. Let ε′

i = (ei, ui)
′, i = 1, . . . , n, be independent and normally

distributed with zero mean and covariance matrix. �εε =
[
σee �eu

�ue �uu

]
. We allow �εε to be

a singular matrix. An example involving singular matrix �εε is when the model contains an
intercept. We can write model (1) as

Yi = β ′Xi + νi, νi = ei − β ′ui, i = 1, . . . , n (2)

and hence νi’s are independent and normally distributed with zero mean and variances, σνν =
σee − β ′ ∑

eu − ∑
eu β + β ′ ∑

uu β. Generally, we would anticipate that replicate observations
are available on this model and hence an estimate of the �εε exists and is given by Sεε. As the
replicates do not directly affect the central themes of our work, we have simplified the notation
by referring only to single observations. If we define η′

i = (Yi, X
′
i ), i = 1, . . . , n, then an

estimate of β will be β̂ = (MXX − τ̃ Suu)
−1(MXY − τ̃ Sue), in which Suu and Sue are estimates

of �uu and �ue, respectively, and Mηη = n−1 ∑n
i=1 ηiη

′
i =

[
MYY MYX

MXY MXX

]
. τ̃ is the smallest
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eigenvalue of Mηη in the metric of Sεε [24, 25]. Fuller [24] refers to νi as an unobservable
error of the model and hence

ν̂i = Yi − β̂ ′Xi i = 1, . . . , n (3)

as the residuals of the model. These residuals have been suggested by Fuller [24] for model
checking, and the limiting behaviour of several diagnostic procedures based on equation (3)
have been examined by Miller [12]. Furthermore, Miller [12, 13] examined the limiting
behaviour of empirical process based on the residuals of equation (3).

2. Recursive residuals and asymptotic properties

2.1 Definition and assumptions

Suppose that β̂i is an estimator of β using the first ith observations of the model. We define
recursive residuals as si = Yi − β̂ ′Xi, i = k + 1, . . . , n. It is obvious that if i = n then β̂ ′

i will
be equal to β̂ ′. Another representation of si is

si = (Yi − β ′Xi) − (β̂ ′
i − β ′)Xi = νi − (β̂ ′

i − β)Xi, i = k + 1, . . . , n (4)

We introduce the random vector ẍi = Xi − νiσ
−1
νν �νu in which �νu = �eu − �uuβ. It is

constructed by subtracting from Xi the best predictor of ui given νi under the normal model
[24]. Substituting ẍi in equation (4), we have

si = νi − (β̂i − β)′(ẍi + νiσ
−1
νν �νu)

= νi[1 − (β̂i − β)′σ−1
νν �νu] − (β̂i − β)′ẍi i = k + 1, . . . , n (5)

Our assumptions on the estimators β̂i and the limiting behaviour of i with respect to n are as
follows:

(a) One complication with the limiting behaviour of the recursive residuals that did not occur
in the ordinary residuals is that some attention must be paid to the size of i. We shall
assume from now on that i is of the same order as n, or in a limited context, we would
assume that i/n is bounded away from zero. The need for this is obvious if we note that
β̂i depends on i observations and asymptotic considerations could not apply if i were too
small.

(b) β̂i , i = k + 1, . . . , n, are any estimators such that β̂i − β = oP (n(−1/2)). Methods for
producing n(−1/2)-consistent estimators for β̂, can be found in Fuller [24], Amemiya and
Fuller [26] and Gleser [27]. Under assumption (a), we can extend these results to β̂i .

2.2 Asymptotic properties

In this subsection, we concentrate on the asymptotic properties of the recursive residuals and
studentized recursive residuals.

THEOREM 1 Under the assumption of normality of the errors of model (1)and from assumption
(a), recursive residuals, si defined by equation (4) are asymptotically independent.

Proof Suppose that β̂i is a maximum likelihood estimate of β using first i observations.
According to Cox and Snell [11], the first-order expansion of the log maximum likelihood
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equation L′(β̂i) = 0 is L′(β) + (β̂i − β)′L′′(β) = 0 in which L′′(β) will be the derivative of
L′(β) with respect to β. If we write

U(j) = ∂ log pj (νj , β)

∂β
, V (j)

rs = ∂2 log pj (νj , β)

∂βr∂βs

in which pj (νj , β) is the probability distribution function of νj and replace −L′′(β) by its
expectation, Ii = ∑i

j=1(−V (j)), where V (j) = {V (j)
rs } and Ii is the information using first i

observations, then, we have (β̂i − β) = I−1
i U ∗(i), where U ∗(i) = ∑i

j=1(U
(j)). On the other

hand, we can write the recursive residual as si = νi − U ′∗(i)I−1
i Xi + o(n−(1/2)). Now suppose

that i < j , then

E(sisj ) =E(νiνj ) − E(νiU
′∗(j)I−1

j Xj ) − E(νjU
′∗(i)I−1

i Xi)

+ E(U ′∗(i)I−1
i XiU

′∗(j)I−1
j Xj ) + o(n−1)

However, the first and third terms will be equal to zero, and for the second term, we have

E(νiU
′∗(j)I−1

j Xj ) =
j∑

i=1

E(νiU
′(l)I−1

j Xj ) = E(νiU
′(i)I−1

j Xj )

= −E(νiU
′(i))I−1

j E(Xj )

For the fourth term, we have

E[X′
iI

−1
i U ∗(i)U ′∗(j)I−1

j Xj ] = E


X′

iI
−1
i U ∗(i)

(
U ∗(i) +

j∑
l=i+1

U(l)

)′
I−1
j Xj




= E[X′
iI

−1
i U ∗(i)U ′∗(i)I−1

j Xj ]

+ E


X′

iI
−1
i U ∗(i)

(
j∑

l=i+1

U(l)

)′
I−1
j Xj




= E[X′
iI

−1
i IiI

−1
j Xj ]

+ E[X′
iI

−1
i U ∗(i)]E


(

j∑
l=i+1

U(l)

)′
I−1
j Xj




However, E[X′
iI

−1
i U ∗(i)], and E[(∑j

l=i+1 U(l))′I−1
j Xj ] are o(n−(1/2)) and consequently mul-

tiplication of these two terms will be o(n−1). Therefore, the fourth term will be equal to
E(X′

iI
−1
j Xj ) + o(n−1), which in turn implies that

E(sisj ) = E(Xj)I
−1
j E(−νiU

(i) + Xi) + o(n−1)

However, it can be shown that E(−νiU
(i) + Xi) = (∂/∂β)E(νi). Therefore, E(sisj ) = 0 up

to o(n−1) and consequently si’s are uncorrelated. Under the normality of the errors, they will
be asymptotically independent. �
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An estimator of σνν based on all observations will be

σ̂νν = σee − β̂ ′�eu − �euβ̂ + β̂ ′�uuβ̂

If �εε is unknown, then we can estimate it using the replicated observations and substitute the
estimators in σ̂νν . Miller [28] showed that

σ̂νν = σνν

[
1 − σ−1

νν (β̂ − β)′�νu

]
op(n−1)

Another estimator of σνν using first ith observations will be

σ̂ννi = σee − β̂ ′
i�eu − �euβ̂i + β̂ ′

i�uuβ̂i

Under assumption (b) and by the approach similar to Miller’s [28], we find that

σ̂ννi = σνν

[
1 − σ−1

νν (β̂i − β)′�νu

]
op(n−1)

Therefore, we define Zi = σ̂
−(1/2)

ννi si , i = k + 1, . . . , n, as the studentized recursive residuals
of model (1). In the following lemma, we derive their asymptotic properties.

LEMMA 1 For the studentized recursive residuals Zi = σ̂
−(1/2)

ννi si , i = k + 1, . . . , n, we
have

Zi = σ̂
−(1/2)

ννi νi + op(n−(1/2)).

Proof If we substitute si from equation (1) into Zi , then we have

Zi = σ̂
−(1/2)

ννi νi

(
1 − σ−1

νν (β̂i − β)′�νu

)
− σ̂

−(1/2)

ννi (β̂i − β)′ẍi

= σ−(1/2)
νν σ̂ 1/2

νν σ̂
−(1/2)

ννi νi

[
1 − σ−1

νν (β̂i − β)′�νu

]
− σ̂

−(1/2)

ννi (β̂i − β)′ẍi (6)

= σ
−(1/2)

ννi νi(1 + ai,n) + Bi,nẍi

in which ai,n = σ
1/2
νν σ̂

−(1/2)

ννi νi[1 − σ−1
νν (β̂i − β)′�νu] − 1 and Bi,n = σ̂

−(1/2)

ννi (β̂i − β)′. By
assumption (b), we have Bi,n = 0p(n−(1/2)). However,

1 + ai,n =
(

σ−(1/2)
νν νi

[
1 − σ−1

νν (β̂i − β)′�νu

]−1
)

×
(
σ 1/2

νν νi

[
1 − σ−1

νν (β̂i − β)′�νu

])
+ op(n−(1/2))

and hence ai,n = op(n−(1/2)). Therefore, Zi = σ
−(1/2)
νν νi + op(n−(1/2)). �
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3. Limiting behaviour of the empirical process

Before presenting our main theorem, we introduce the Gaussian process briefly. LetR1, . . . , Rn

be independent random variables, which are normally distributed with zero mean and
variance σ 2. We define

Bn(ω) = n−(1/2)

n∑
i=1

{1 [
(Zi) ≤ ω] − ω}

Zi = s−1(Ri) i = 1, . . . , n

for ω ∈ [0, 1], where 1(·) is the indicator function, 
 is the standard normal distribution
function and s2 is an estimate of σ 2. As n tends to infinity, Bn will converge in Skorohod space
D[0, 1] to W , which is a Gaussian process on [0, 1], with mean E[W(ω)] = 0, for ω ∈ [0, 1]
and covariance function given by

E[W(ω1)W(ω2)] = min(ω1, ω2) − ω1ω2

−
[

1 + 1

2

−1(ω1)


−1(ω2)]φ[
−1(ω1)]φ[
−1(ω2)

]

for ω1, ω2 ∈ [0, 1] where φ is the standard normal density function. This result can be found
in Kac et al. [29] and it will be useful if the random variables R1, . . . , Rn are directly observ-
able. In the case of regression residuals, this result does not apply because the νi’s are not
directly observable. Furthermore, the observable residuals are not independent and identically
distributed normal random variables.

Miller [12, 13] generalized the previously given result to the class of empirical process based
on certain non-independent and non-identical sequences of random variables. The class also
contains the standardized residuals presented by Miller [12, 13]. In the following theorem,
we show that our definition of the studentized recursive residuals and its limiting behaviour
satisfies the conditions of the Miller’s generalization.

THEOREM 2 Let ν1, . . . , νn be independent N(µν, σνν) random variables with σνν > 0,

which are independent of the random vectors ẍ1, . . . , ẍn and mẍẍ
a.s−→ mẍẍ, where mẍẍ =

1/(n − 1)
∑n

i=1(ẍi − ¯̈x)(ẍi − ¯̈x)′, and mẍẍ is non-negative definite matrix. If we define

Zi = σ−(1/2)
νν (1 + an) + Bnẍi, i = k + 1, . . . , n,

where an = op(n−(1/2)), Bn = 0p(n−(1/2)), and

Ŵn(ω) = (n − k)−(1/2)

n∑
i=k+1

[I (
(Zi) ≤ ω) − ω]

Ŵn(ω) = (n − k)−(1/2)

n∑
i=k+1

[
I (
(σ−(1/2)

νν νi) ≤ ω) − ω
]

ω ∈ [0, 1]

then

sup
ω∈[0,1]

∣∣∣Ŵn(ω) − Wn(ω)

∣∣∣ = op(1)
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Proof First, we note that Ŵn(ω) can be written as

Ŵn(ω) = (n − k)−(1/2)

n∑
i=k+1

[I (Zi ≤ 
−1(ω)) − ω]

= (n − k)−(1/2)

n∑
i=k+1

[I (σ−(1/2)
vv vi ≤ (1 + cn)


−1(ω) + Dnẍi) − ω] + op(1)

where cn = −(1 + an)
−1an and Dn = −(1 + an)

−1Bn.
If we define

W1,n(ω) = (n − k)−(1/2)

n∑
i=k+1

{
[R∗
in(ω)] − 
[Vn(ω)]}

W2,n(ω) = (n − k)−(1/2)

n∑
i=k+1

{I [Ui ≤ 
(R∗
in(ω))] − I (Ui ≤ ω) − 
(R∗

in(ω)) + ω}

W3,n(ω) = (n − k)−(1/2)

n∑
i=k+1

{I [Ui ≤ 
(Vn(ω))] − I (Ui ≤ ω) − 
(Vn(ω)) + ω}

in which

Vn(ω) = σ−(1/2)
vv 
−1(ω)

R∗
in(ω) = Vn(ω) + [
−1(ω)cn + Dn(ẍi − ¯̈x)]σ−(1/2)

vv

Ui = 
[σ−1
vv vi]

After some mathematical manipulations, we can write

Ŵn(ω) = Wn(ω) + W1,n(ω) + W2,n(ω) − W3,n(ω) + op(1)

Then, following the method used by Miller [28, Theorem A], we have

sup
ω∈[0,1]

|W2,n(ω)| = op(1), sup
ω∈[0,1]

|W1,n(ω)| = op(1), sup
ω∈[0,1]

|W3,n(ω)| = op(1)

Therefore

sup
ω∈[0,1]

|Ŵn(ω) − Wn(ω)| = op(1) �

COROLLARY 1 Let Ẑi = 
(σ̂
−(1/2)

vvi si), i = k + 1, . . . , n, and F̂n(ω), Ŵn(ω), for ω ∈ [0, 1],
be the empirical distribution function and empirical process, respectively, based on
Ẑk+1, . . . , Ẑn such that Ŵn(ω) = n−(1/2)[F̂n(ω) − ω]. Also, let Z∗

i = 
(σ
−(1/2)
vv vi), i = k +

1, . . . , n, and F̂n(ω), Wn(ω) be the empirical distribution function and empirical process,
respectively, based on Z∗

k+1, . . . , Z
∗
n such that Wn(ω) = n−(1/2)[Fn(ω) − ω]. Then, under the

assumptions (a) and (b), supω∈[0,1] |Ŵn(ω) − Wn(ω)| = op(1)

Proof The result follows immediately from Theorem 2. �

The consequence of Theorem 2 and Corollary 1 is that, by Kac et al. [29] Wn
L→ W , where

W is the limiting Gaussian process given previously. Hence by Theorem 2, Ŵn has the same
limiting distribution as Wn.
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The empirical process based on recursive residuals given in Theorem 2 and the one based
on standardized residuals given by Miller [12, 13] have the same limiting behaviour. One
may question the justification of using recursive residuals instead of standardized residuals
in goodness-of-fit tests. The results of simulation study in section 6 will justify the use of
recursive residuals in detecting normality of the errors in measurement error models.

4. Goodness-of-fit tests of normality

In the previous section, we found conditions under which Ŵn and Wn converge to the same
limiting Gaussian process W . A consequence of this result is that we can construct func-
tions of Wn or Ŵn, which are continuous with respect to the Skorohod topology (except
at possibly a set of probability zero with respect to the distribution of the limiting process
W ). Then, we can use these functions to examine the limiting behaviour of goodness-of-fit
statistics of normality. Fortunately, many tests of normality as functions of sample processes
are available. The idea was originally proposed by Doob [30], which provides a way to
describe the limiting distribution of goodness-of-fit statistics. Miller [12, 13] extended these
results to the measurement error models using ordinary residuals. We consider some of the
goodness-of-fit tests of normality based on recursive residuals in functional measurement error
models.

The one-sided Kolmogrov–Smirnov statistics are defined by K̂+
n = (n − k)−(1/2) supω∈[0,1]

Ŵn(ω) and K̂−
n = (n − k)−(1/2) infω∈[0,1] Ŵn(ω). In terms of Ẑi’s, K̂+

n and K̂−
n become

K̂+
n = maxk+1≤i≤n(i/(n − k) − Ẑi:n−k) and K̂−

n = maxk+1≤i≤n(Ẑi:n−k − ((i − 1)/(n − k))),
where Ẑi:n−k stands for the ith order statistic from a sample of size n − k. The one-
sided Kolmogrov–Smirnov statistics have not been widely used. Instead, the function
K̂n = (n − k)−(1/2) supω∈[0,1] |Ŵn(ω)| has been used. K̂n is a continuous function of Ŵn

with respect to the Skorohod metric on D[0, 1] (for more details see [7, Theorem
2.3.5]). Therefore, the limit laws of (n − k)1/2K̂n are given by K = supω∈[0,1] |Wn(ω)|,
which is also a continuous function of Wn. Stephen [31] has tabulated the distribution
of K .

The Anderson–Darling statistic, originally studied by Anderson and Darling [32], is
defined by Â2

(n−k) = ∫ 1
0 [ω(1 − ω)]−2Ŵ 2

(n−k)(ω)d� . Durbin [1] showed that this function
is continuous in the Skorohod metric on D[0, 1], and hence under the conditions of
Theorem 2, the limiting law of Â2

(n−k) is given by the law of the random variable A2 =∫ 1
0 [ω(1 − ω)]−2W 2(ω)d� . The percentage points for the distribution of A2 have been tabled

by Stephen [31].

5. Example

In this section, we consider examples from real data and examine the ability of goodness-of-fit
statistics based on standardized residuals and recursive residuals in detecting the normality of
the errors in measurement error models.

Briefly, the data set in this example arises from an extensive archaeological survey of
pottery production and distribution in the ancient Egyptian city of Al-Amarna. The data
consist of measurements of chemical contents (mineral elements) made on many samples
of pottery, using two different techniques, neutron activation analysis (NAA) and induc-
tively coupled plasma (ICP) (see [33] for description of techniques). The set of pottery
has been collected from different locations around the city, and each pottery has its own
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Table 1. Goodness-of-fit tests of normality of Na and Co measured with ICP and NAA.

Co Na

Test ICP NAA Zi σ
−(1/2)
vv v̂i ICP NAA Zi σ

−(1/2)
vv v̂i

Kolmogorov–
Smirnov

Statistic 0.11 0.129 0.09 0.25 0.15 0.20 0.14 0.186

p-value >0.15 >0.15 >0.15 <0.01 >0.15 0.10 >0.15 >0.15

Anderson–
Darling

Statistic 0.33 0.47 0.24 2.84 0.48 0.56 0.19 0.59

p-value 0.50 0.23 0.76 0.00 0.20 0.13 0.88 0.11

‘fabric code’. Among different mineral elements, we are interested in the relation between
Co and Na measured with ICP against the same elements measured with NAA. Archae-
ologists believe that observations from pottery with the same fabric code and from the
same provenance can essentially be regarded as replicated observations. Our preliminary
analysis using the multivariate analysis of variance (not reported here) also confirmed this
idea. Consequently, the Co and Na data sets have been divided into 28 and 15 groups,
respectively, and in each group, there are replicated observations. Owing to limitation
of space, the original data set is not given here, but it is available from the author on
request.

We fitted a functional measurement error model to both data sets and measured the
standardized residuals and recursive residuals. Then, we used Kolmogorov–Smirnov and
Anderson–Darling goodness-of-fit statistics to test the normality of the data and errors of
the model. The results of these tests are given in table 1. Results of this table show that
although Na and Co measured with ICP and NAA have normal distribution and tests based on
recursive residuals do not reject normality of the errors, tests based on standardized residuals
will reject the hypothesis of normality of errors in Co data.

Figure 1 shows plot of recursive residuals and standardized residuals of Co data vs. groups
number and indicates that standardized residuals are affected by deficiency within data.
Removing the unusual data and fitting the model, the normality tests based on standardized
residuals will no longer be rejected (p-value >0.15).

Figure 1. Plot of recursive residuals and standardized residuals of Co data vs. groups number.
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6. Parametric bootstrap study

In this section, we perform parametric bootstrap simulation studies to examine the power of
the proposed goodness-of-fit tests based on recursive residuals and standardized residuals in
detecting normality of the errors for the small and medium sample sizes. The bootstrap studies
are based on the Egyptian pottery data, which have been considered in the previous section.
We refer to the Co and Na data sets as medium and small sample sizes, respectively. We used
the Co data after removing unusual data.

We simulated a total of 1000 data sets for each case of Co and Na data sets in accordance
with the model

Yij = β̂0 + β̂1x̂i + eij i = 1, . . . , n

Xij = x̂i + uij j = 1, . . . , ri

(7)

in which the groups number are 27 and 15, respectively, and the number of replications in each
group (ri) is the same as those for the original data set. In this model, β̂0, β̂1 and x̂i , are estimates
of β0, β1 and xi , respectively, calculated from the original data. In addition, we assumed that
ε′
ij = (eij , uij ) has normal distribution with zero mean and covariance matrix �̂εε based on

the original data. Then, we fitted the functional measurement error model (7) to the each
simulated data set and calculated Kolmogorov–Smirnov and Anderson–Darling goodness-
of-fit test statistics based on studentized recursive residuals and standardized residuals. We
selected different significant levels and compared the test statistics with the corresponding
values given by Stephen [31].

Table 2 shows the percentage of times the goodness-of-fit test statistics, based on recursive
residuals, for each significance level are less than the corresponding values, tabulated by
Stephen [30]. Table 3 shows the same results based on standardized residuals. Results
of table 2 show that for the Co, both tests give the type I errors that are near to the
significantlevels, whereas for the Na, Anderson–Darling gives the type I error larger than
the significant levels, which indicates that for the small sample sizes, Anderson–Darling
goodness-of-fit test based on recursive residuals in measurement error models is less accurate
than Kolmogorov–Smirnov test.

Table 2. Simulation results of the goodness-of-fit test based on recursive residuals, using Co and Na from
Egyptian pottery data.

Mineral elements Test statistic p > 0.15 p > 0.10 p > 0.05 p > 0.025 p > 0.01

Co Kolmogorov–Smirnov 0.865 0.912 0.957 0.978 0.992
Anderson–Darling 0.842 0.890 0.946 0.976 0.995

Na Kolmogorov–Smirnov 0.852 0.902 0.947 0.984 0.993
Anderson–Darling 0.791 0.851 0.916 0.953 0.982

Table 3. Simulation results of the goodness-of-fit test based on standardized residuals, using Co and Na from
Egyptian pottery data.

Mineral elements Test statistic p > 0.15 p > 0.10 p > 0.05 p > 0.025 p > 0.01

Co Kolmogorov–Smirnov 0.825 0.874 0.921 0.942 0.967
Anderson–Darling 0.811 0.865 0.907 0.936 0.955

Na Kolmogorov–Smirnov 0.798 0.836 0.883 0.914 0.926
Anderson–Darling 0.784 0.829 0.874 0.896 0.917
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A glance at the results of table 3 reveals that the type I error of tests for both Co and Na
models are considerably larger than the significant levels. The overall results from both tables
indicate that for small and medium sample size data sets, tests based on recursive residuals
are more accurate than those based on standardized residuals.
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