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SUMMARY. Consider a mixture G(-) = [ Fy(-) dH(6). In this paper we derive some
bounds on the uniform (Kolmogorov) distance A(Fp,, G) = sup,, |Fs,(z) — G(z)| for some
convenient choices of fy. In particular, we identify an optimal 8y. We illustrate the results
by some examples, and show that these new bounds can often be computed easily, and
that they improve some known bounds in many instances. Some applications in reliability

theory are also described.

1. Introduction
Consider a family of univariate distribution functions {Fy, 6 € S}, where
S is a subset of the real line. Let H be a distribution function over S, and
consider the mixture G given by

G(2) :/SFg(x) dH(0), =€ R (1.1)

Such mixtures arise naturally in many applications. In reliability theory,
for example, if an item is subjected to a random stress © with distribution
function H, where the life distribution of the item, given © = 6, is Fjy, then
the unconditional life distribution of the item is G given above.

Often in applications G may be too complex to allow a useful theoretical
or numerical analysis. In such cases G is approximated by Fy, with some
convenient #y € S. In this paper we derive some bounds on the uniform
(Kolmogorov) distance

A(Fyy, G) = sup|Fy, () — G(z)] = sup |Foo(z) — G()],
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where Fy = 1 — Fy and G = 1 — G are the corresponding survival functions.

Bounds on A(Fj,, G) are useful in the theory and practice of probability
and statistics. Theoretical applications include the use of such bounds as
useful tools for obtaining limit theorems (see the references mentioned be-
low). In practice they are useful for their relative numerical simplicity. For
example, Gertsbakh (1984) and Brown (1990) remark that such error bounds
are of great interest for engineering applications. An interesting application
in pharmacokinetic theory can be found in Weiss (1986).

Most of the results in the literature, which give bounds on A(Fj,, G), con-
cern scale mixtures; that is, when 0 is a scale parameter of Fy. For example,
Keilson (1979), Brown (1983), and Shimizu (1986) studied such bounds in-
volving scale mixtures of exponential distributions. Hall (1981) and Shimizu
(1989) considered such bounds involving scale mixtures of gamma distribu-
tions. Hall (1981), Shimizu (1987), Fujikoshi (1993), Shimizu and Fujikoshi
(1997), and Fotopoulos and He (1999) obtained bounds on A(Fj,,G) for
scale mixtures of normal distributions. Such bounds involving some other
scale mixtures are treated in Hall (1979) and in Shaked (1981). Bounds
on A(Fy,,G) for general scale mixtures are given in Fujikoshi (1988) and
in Fujikoshi and Shimizu (1989). Bounds on A(Fjp,,G) for some location
mixtures are given in Shaked (1981).

In this paper we obtain further bounds on A(Fy,, G); these improve some
known bounds in many instances. The method that we use extends the ideas
in Shaked (1981) and is not restricted to scale or location mixtures.

In this paper “increasing” and “decreasing” means “nondecreasing” and
“nonincreasing,” respectively.

2. The Bounds

In the sequel we assume that Fp, # € S, and G in (1.1) are absolutely
continuous with the corresponding density functions fy, 8 € S, and g. We
further assume that the support of Fj is of the form (a,b), independently of
6 (a and/or b may be infinite). For each @ € S let 7y = fy/Fy denote the
hazard rate function associated with Fjy. It will be assumed throughout that
the limits

K, (0,00 =lim 2% and  Ky(0,600) = lim 22

zla Tg, (l‘) zth T, (l‘) (2'1)

exist for all @ and 0y (in fact, for the validity of some of the results below,
when 6 is some fixed value, it is only required that the above limits exist
for all § and for that fixed 6).
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THEOREM 2.1. Let G be a mizture as described in (1.1), and let © be a
random variable with distribution function H, described in (1.1). Let 6y € S
be some fized value.

(a) If
ro(z) < 1o (x) for all x and 6 < ¢, (2.2)

and if

ro () is increasing in x whenever 0 < 6', (2.3)

ro(z)
then

sup | Fiy (2) — G(2)]| < FIK(O,60) — 1, (2.4

T

where the expectation in the right hand side of (2.4) is taken with respect
to H.

(b) If
ro (z) < rg(z) for all x and 6 < @', (2.5)
and if
v (@) is decreasing in x whenever 6 < ¢', (2.6)
ro()

then (2.4) holds.
(c) If (2.2) and (2.6) hold then

sup | iy (2) = G(a)| < BIK.(O,00) — 1] (2.7)

where the expectation in the right hand side of (2.7) is taken with respect
to H.

(d) If (2.3) and (2.5) hold then (2.7) holds.
PROOF. The assumptions of absolute continuity imply the existence of
an zy € (a,b) such that

sup [Ty, (z) — G(a)| = [Ty (w0) = Glao)|- (2.8)

Furthermore, differentiation shows that this ¢ satisfies fy, (z0) = g(zo); that
is,

.muwzéhmwwﬂw (2.9)
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Thus (below, the first two equalities follow from (2.8) and (2.9), respectively),

sup |Foo(z) — G(=)| = [Fo,(z0) — G(ao)]

N L

— S%dﬂ(@)—[qﬂ(m)dm@)‘

_ /S (:;((9;00)) - 1>F9(z0)dH(9)‘

< /S ::0((200))_1‘79(%)d11(9) < /S :gi((g;"o))—l\dfl(e)- (2.10)

Next we show that if (2.2) and (2.3) hold then
Iro(z0)/re, (z0) — 1| < |Kp(0,6p) — 1], fesS, (2.11)

and part (a) of the theorem then follows from (2.10) and (2.11). In order to
obtain (2.11) suppose first that 6 < 6. Then

[ro(z0)/roo (w0) — 1] = 1 —rg(x0) /e, (x0) <1 — Ky(6,60) = |Kp(6,60) —1],

(2.12)

where the first and last equalities follow from (2.2), and the inequality follows
from (2.3). When 6 > 6, we have

ro(0) /7 (50) — 1] = o 20) /70 0) — 1 < Ky(6,00) — 1= |K(6,60) — 1],

(2.13)

where, again, the first and last equalities follow from (2.2), and the inequality

follows from (2.3). Combining (2.12) and (2.13) together gives (2.11), and
completes the proof of part (a).

The proof of part (b) can be obtained in a similar vein, or it can be
derived from part (a) by a reparametrization of the form 6 — h(6), where h
is a strictly decreasing function from S onto S.

The proofs of parts (c) and (d) are similar to the proofs of parts (a)
and (b) and are therefore omitted. O

Some comments on the meaning of conditions (2.2), (2.3), (2.5), and
(2.6) are in place. First note that condition (2.2) is a condition of stochastic
monotonicity in the hazard rate order sense. Explicitly, let X (0) denote
a random variable with the distribution function Fp in (1.1). Then (2.2)
means that X (0) >y, X(0') whenever 6 < 6', where <y, denotes the hazard
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rate stochastic order (see, for example, Shaked and Shanthikumar (1994,
Section 1.B)). Similarly, (2.5) means that X (0) <p, X (0') whenever 0 < 6'.

Condition (2.3) is another condition of stochastic monotonicity of the
X (#)’s. The corresponding stochastic order is studied in Sengupta and Desh-
pande (1994) and in Rowell and Siegrist (1998). Using their terminology,
condition (2.3) [respectively, (2.6)] can be stated as “X(0) is decreasing
[increasing] in @ in the relative aging stochastic order.” Sengupta and Desh-
pande (1994) and Rowell and Siegrist (1998) have studied extensively the
relative aging stochastic order. They have indicated applications to prob-
lems in reliability and survival analysis, where this order is meaningful. Also,
many examples of parametric families of distributions that are ordered ac-
cording to the relative aging stochastic order can be found in the above
mentioned papers. These examples provide useful tools for verifying condi-
tions (2.3) and (2.6). From a technical point of view, which may be helpful
when conditions (2.3) or (2.6) are to be verified, it is worthwhile to note that
(2.3) means that r9(x) is TPy (totally positive of order 2) in (z,8); see, for
example, Karlin (1968). Similarly, (2.6) means that ry(z) is RRs (reverse
regular of order 2) in (z,#); again, see, for example, Karlin (1968).

2.1 Optimal bounds. It was mentioned in Section 1 that given a mixture
G as in (1.1), it is often approximated by Fp, with some convenient 0y € S.
It is thus of interest to determine some optimal choice of 3. Observe that,
given the mixture G in (1.1) (and the support (a,b) of the Fy’s), the bound
in (2.4) (and in (2.7)) depends only on the choice of 6y. Below we identify
an optimal choice of 6.

In this subsection we assume that © (with distribution H) is a continuous
random variable, and that its support, S, is a (possibly infinite) interval
(¢,u) of the real line. We also assume that K, and Kj, defined in (2.1), are
differentiable in their second argument, and we denote

0 0
K!(0,600) = —K,(0,0 d K} (0,00) = —K;(6,6
a( ? 0) 890 ( ? 0) an b( 7 0) 890 b( Y 0)7
and assume that the expectations E (K (0,6)) and E(K;(0,6)) exist for
all 8y € (¢,u). Furthermore, we assume that we can change the order of

partial derivative and limit in K (6,6) and Kj(0,6p); namely, we assume
that

K (60, 00)=1lim [rg(x).i<

i )=t o ().

79, ($)
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These regularity conditions hold in all the applications that we discuss in
Section 3.

THEOREM 2.2. Let G be a mizture as described in (1.1), and let © be a
random wvariable with distribution function H, described in (1.1). Suppose
that H is absolutely continuous with support S = (¢,u).

(a) If (2.2) and (2.3) hold then the bound in the right hand side of (2.4) is
minimized by any Oy which satisfies
Oo 1 1
—————dH(0) = .
¢ E(Ky(©,0)) ©)=3
(b) If (2.5) and (2.6) hold then the bound in the right hand side of (2.4) is
minimized by any Oy which satisfies (2.15).

(c) If (2.2) and (2.6) hold then the bound in the right hand side of (2.7) is
minimized by any Oy which satisfies

(2.15)

" __ dH () = L
l E(Ka(evo)) ( )_5

(d) If (2.3) and (2.5) hold then the bound in the right hand side of (2.7) is
minimized by any Oy which satisfies (2.16).

(2.16)

PROOF. We prove only part (a); the proofs of the other parts are similar.
First note, using (2.14), that for every 6 and 6 in (¢, u) we have

u

B(K}(©,600)) = / Ky 00) 4T 1)
.

= [ il g (o))

v ()
B /u:e 1:;%:1 r:(x) lxlgbl [Tg(x) . %(ﬁ)}dﬁf@)

:K,g(e,eo)/ éKb(u,b‘) dH (p);
.

that is,
E(K}(©,6))

K00 = e.0)

(2.17)

Now write

u

o
L(00) = BIKs(©,60)-1] = [ (1=Ku(6.00)) dH(0)+ [ "(5o(6.00)-1) dr(0)
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The derivative of L is

0o u
l bo
o
=-2 [ K;(0,00)dH(0) + E(K,(©,0)))
l

fo 1

= BU©00)[1-2 [ s

where the last equality follows from (2.17). Solving L'(6y) = 0 yields (2.15).

It remains to show that any 6y which satisfies L'(6y) = 0 minimizes L
(rather than being an inflection point or a maximizer of L). For this purpose
fix such a 6. We will show that L' is nonpositive on (£, 6y) and is nonnegative
on (6, u). Let 6, € (¢,6p). Then

01
L'(61) = E(Ky(©,61)) [1 —2 \ m dH(O)}
/ Oo 1
SE(Kb(9,91))[1—2 j Wdf[(@)} =0,

where the inequality follows from K},>0, and from the fact that E(K;(©,0;))
<0 by (2.2). Similarly it can be shown that if f2€(6y, u) then L'(62)>0. O

Theorem 2.2 suggests a procedure that yields a good approximation of
G. Namely, approximate G by Fp, where 6y satisfies (2.15) or (2.16). In
many instances it is possible to solve (2.15) or (2.16) explicitly in order to
determine the optimal y; some examples will be given in Section 3. If H is
not wholly known, then an estimate of #y which satisfies (2.15) or (2.16) can
be obtained from empirical data, when available.

3. Examples and Applications

In this section we first show how Theorems 2.1 and 2.2 apply to a variety
of scale mixtures. Later in this section we show how Theorems 2.1 and 2.2
can be employed in reliability theory for mixture models other than scale
mixtures.

EXAMPLE 3.1. Let Fp in (1.1) be a Weibull distribution:

Fy(z) = 1 — exp{—\0%z“}, x>0,
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for some @ > 0 and A > 0, where # > 0. Here ry(z) = Aaf®z*~!, and clearly
(2.2) and (2.3) hold. Also, here b = oo, and a simple computation gives
K (0,6y) = (0/600)*. Therefore, by (2.4) of Theorem 2.1, we have

sup |Fp, (z) — G(z)| < E|(©/00)* — 1], for any 6y >0 (3.1)
T

(this result can also be obtained from Theorem 2.1 of Shaked (1981)). By
Theorem 2.2 the right hand side of (3.1) is minimized when ¢y = 6y where
0y is the solution of A
o Jale! 1
dH(0) = <; 3.2
[ e (32

2’

that is, 0y is the median of the “length-biased” distribution described in the
above integral. It is of interest to note that substituting 6o in the right hand
side of (3.1) we obtain, after some straightforward computations, the simple
expression for the bound

~

sup|Fy, () — G(a)| < 2H (60) — 1. (3.3)

(Incidentally, it follows that 0o is larger than the median of H, no matter
what « is.)

As an example in which the bound in (3.3) can be easily computed,
suppose that ©, with distribution function H, is a uniform (0,c¢) random
variable for some ¢ > 0. Then a straightforward computation gives 6y =
2-1/(e+D ¢ and the bound in (3.3) is 2H(fy) — 1 = 22/(@+D) _ 1 (which,
incidentally, is independent of ¢). This bound is very small when o > 0
is small; that is, for small o, we have that Fj (our estimate of &), with

6y = 2~ /(@D well approximates G.

When o = A = 1 we obtain here a mixture of exponential distributions:
Glz) = /(1 _ eIy AH(B), @ > 0.
S

For this case, under the assumption E(©~!) = 1, Brown (1983, Eq. (6.2))
and Obretenov (1983) obtained the bound

sup |F (@) = G(o)| < 1—1/E(©72), (3.4)

where here F; denotes the exponential distribution with rate 1. It is of
interest to see how the bounds in (3.3) and (3.4) compare with each other in
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this case of scale mixture of exponential distributions. For this purpose, as
an example, let ® be a gamma random variable with shape parameter v > 2
and scale parameter (y — 1)~!; that is, the density function of © is given by

h(0) _ (71_‘_(71))707_16_(7_1)0,

Then, indeed, E(©~!) = 1. Since E(072) = (y—1)/(y—2), we see that the
bound in (3.4) becomes

0> 0.

sup|F(z) — Gla)| < (= 1) " (3.5)

In order to compute the bound in (3.3) we first note, using (3.2), after some
computation, that the f to be used in the bound in (3.3) is the median
of the gamma distribution with shape parameter v + 1 and scale parameter
(y—1)~!. The distribution H in (3.3) is the gamma distribution, with shape
parameter v and scale parameter (y — 1)~!, mentioned earlier. In Table 1
we list the resulting y, and compare the bounds resulting in (3.3) and (3.5),
for some selected values of . It is seen there that for values of v < 3.5 the
new bound in (3.3) is tighter than the known bound in (3.5). O

TABLE 1. COMPARISON OF BOUNDS FOR EXPONENTIAL SCALE MIXTURES
v o New bound (3.3) Known bound (3.5)

2.1  2.5216 .4840 9091
2.5 2.1153 .4520 .6667
3.0 1.8360 .4196 .5000
3.5 1.6686 .3933 .4000
4.0 1.5570 3714 3333
4.5 14773 .3528 2857
5.0 1.4175 .3367 .2500

EXAMPLE 3.2. Let Fp in (1.1) be a gamma distribution with the density
function given by

fo(z) = [[(a)] ' A*0%2> L exp{ -0z}, x>0,

for some a > 1 and A > 0, where § > 0. From the fact that this gamma
distribution (with @ = 1 above) has increasing failure rate (IFR) it is easy
to verify that (2.2) holds. Next we show that (2.6) holds. In order to see
this let r denote the hazard rate function of the above gamma distribution
with # = 1, and let 7y denote the hazard rate function of Fy above (that is,
r =r1). Then

re(z)  0'r(0'x)

ro(z)  Or(fx)
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Shaked (1981, page 859) showed that r(uz)/r(x) is decreasing in = whenever
u > 1. Tt follows that r(6'x)/r(0x) is decreasing in 2 whenever ¢ > 6, and
(2.6) follows. Now, here a = 0, and a simple computation gives Ky (6, 6y) =
(0/600)*. Therefore, by (2.7) of Theorem 2.1, we have

sup |Fyp, (z) — G(z)| < E|(©/00)* — 1|, for any 6y > 0. (3.6)
xT

Now (as in Example 3.1), by Theorem 2.2, the right hand side of (3.6) is
minimized when 0y = 6y where 6 is the solution of

i go .
dH () = <;
, moa MO =75

and the simple expression for the bound

sup|Fy, (z) — Gla)] < 2H(By) 1, (3.7)

holds here too.

As in Example 3.1, if © is uniform (0,c¢) then fy = 27'/(@t¢ and the
bound in (3.7) is 2¢/(e+D) _ 1, 0

EXAMPLE 3.3. Let Fy in (1.1) be the normal distribution with mean 0
and standard deviation o/#. From the fact that the normal distribution is
IFR it is easy to verify that (2.2) holds. Next we show that (2.3) holds.
In order to see this let r denote the hazard rate function of the normal
distribution with mean 0 and standard deviation o, and let ry denote the
hazard rate function of Fy above (that is, r = r1). Then (as in Example 3.2)
ro(x)/ro(x) = (0'r(0'x))/(0r(0z)). Shaked (1981, page 858) showed that
r(uz)/r(x) is increasing in z whenever u > 1. It follows that r(6'z)/r(6x)
is increasing in z whenever ' > 6, and (2.3) follows. Now, here b = oo,
and a simple computation gives K, (6,0y) = (0/60)%. Therefore, by (2.4) of
Theorem 2.1, we have

sup | Fy, (z) — G(z)| < E|(©/6)* — 1], for any 6y > 0. (3.8)
xT

Now (similarly to Example 3.1), by Theorem 2.2, the right hand side of (3.8)
is minimized when 6y = 6y where 6 is the solution of

éo 92 1
| o dH(0) = = (3.9)

2’
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and a simple expression for the bound

sup|Fy, () = Gla)| < 2H () — 1, (3.10)

is valid here too.

When o = 1 we obtain here a mixture of normal distributions:
G(zr) = / o(0x) dH (), z >0,
s

where @ is the standard normal distribution. For this case, under the as-
sumption E(©2) = 1, Hall (1979) obtained the bound

sup |Fi () — G(2)] < (.648)(3)(B(O7") — 1), (3.11)

where here F; denotes the standard normal distribution. It is of interest to
see how the bounds in (3.10) and (3.11) compare with each other in this case
of scale mixture of normal distributions. For this purpose, as an example,
let ® be a gamma random variable with shape parameter v > 4 and scale
parameter 3 = ((y — 1)(y — 2))~'/?; that is, the density function of © is
given by .
— y—1,-0/8
hw)_ﬁﬂwﬂe e 8. 9>0.

Then, indeed, E(©72) = 1. Since E(O~%) = %, we see that the

1
w

bound in (3.11) becomes

(y=Dr-2) )

sgp|F1 () — G(z)] < (.648)(3)<(7 ~3)(y—4) 1). (3.12)
In order to compute the bound in (3.10) we first note, using (3.9), after some
computation, that the 6y to be used in the bound in (3.10) is the median of
the gamma distribution with shape parameter v+ 2 and scale parameter g =
((y—1)(y—2))~"/2. The distribution H in (3.10) is the gamma distribution,
with shape parameter v and scale parameter § = ((y — 1)(y — 2)) /2,
mentioned earlier. In Table 2 we list the resulting éo, and compare the
bounds resulting in (3.10) and (3.12), for some selected values of . It is
seen there that for values of v < 30 the new bound in (3.10) is tighter than

the known bound in (3.12).

For the purpose of another numerical comparison of the bounds in (3.10)
and (3.11) let © have the scaled beta density function given by

h(0) = pe°~1/cP, 0<0<c,
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TABLE 2. COMPARISON OF BOUNDS FOR NORMAL SCALE MIXTURES
0 0o New bound (3.10) Known bound (3.12)

15 1.2355 3837 .7364
20 1.1716 .3380 .5003
25 1.1350 .3055 3787
30 1.1113 .2808 .3046
35 1.0947 .2613 .2548
40 1.0824 .2454 .2189
45 1.0729 2321 .1919

where 8 > 4 and ¢ = (325)"/>. Then, indeed, E(©72) = 1. Since B(©~*) =

B
/(fg/ff)v we see that the bound in (3.11) becomes

sup |Fi(z) — G(z)] < (.648)(3) (M — 1). (3.13)
z BB —4)
Using (3.9) with the density h above, we obtain fy = 2-1/2+F¢. Substitut-
ing this in (3.10) (with H(#) = (A/c)?, 0 < # < ¢) we obtain

sup|Fj, () — G(z)] < 22/CHF) — 1, (3.14)

In Table 3 we compare the bounds in (3.14) and (3.13), for some selected
values of 3. It is seen there that for values of 5 < 10 the new bound in (3.14)
is tighter than the known bound in (3.13). O

TABLE 3. ANOTHER COMPARISON OF BOUNDS FOR NORMAL SCALE MIXTURES
B 0o New bound (3.14) Known bound (3.13)

6 1.1231 1892 .6480
8 1.0774 .1487 .2430
10 1.0553 1225 .1296
12 1.0425 .1041 .0810
14 1.0343 .0905 .0555
16 1.0287 .0801 .0405
18  1.0245 .0718 .0309

We now describe an application in reliability theory. Consider an item
which could have a random lifetime 7' if it were not interrupted in its job.
However, assume that the item is subjected to fatal shocks that occur ran-
domly in time; that is, the first shock that occurs kills the item if the item
is still alive then. Suppose that the distribution of the time until the first
shock, W, is influenced by a random environment which we denote by a
random variable ©. We assume that 7" is independent of W and of ©. Given
© = 0, we denote the time of occurrence of the first shock by W (#). Then,
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given © = 0, the lifetime of the item is X (¢#) = min{T, W (#)}, and, un-
conditionally, the lifetime of the item is X = min{7T, W}. If we denote the
distribution function of X (6) by Fjy, and the distribution function of © by
H, then the distribution function G of X is of the form (1.1).

It may be of interest to estimate the distribution G' by the distribution

Fy for some convenient #. If T has the hazard rate function ¢, and W () has

the hazard rate function sy, then the hazard rate function of X () is given
by

ro(z) = q(z) + s¢(z), z > 0. (3.15)

In some cases it is easy to show that ry(z) satisfies the conditions of Theo-
rem 2.1, and then the theorem gives bounds on the approximation of G by
Fy for some 6.

For example, suppose that sg(z) = 0s(x) for some nonnegative function s.
Then (2.2) and (2.3) hold if ¢(z) is decreasing, and s(x) is increasing, in z.
The inequality (2.4) can then be applied with K3(6,6p) = limgq(g(x) +
0s(x))/(q(x) + Ops(z)).

As an explicit example, suppose that ¢(z) = (1 4+ z)~! and s(z) = =,
x > 0. Then we obtain

79(;17)2679“72/2/(1—1—36), x>0, 6>0;

this is a special case of the Hjorth (1980) distribution, see Johnson, Kotz,
and Balakrishnan (1995, page 645). The hazard rate function of Fj is given
by ro(z) = (1 +x) ' + 60z, > 0. Here b = oo, and a straightforward
computation gives K (6,6p) = 6/6yp. Thus, by (2.4) in Theorem 2.1 we
obtain
sup |Fy, () — G(x)] < E|(©/8) — 1], for any .
T

If W (#) is an exponential random variable with rate 6 > 0 then ry(z) =
q(z) + 0, x > 0, and if ¢ is decreasing (for example, ¢(z) = =~ /2, z > 0)
then, again, (2.2) and (2.3) hold, and the inequality (2.4) of Theorem 2.1
applies. After some computation we obtain here

sup |Fy, () — G(x)| < E|(©/60) — 1|, for any 6y,

which is the same bound as in the previous paragraph.

By Theorem 2.2, a computation, similar to the one in Example 3.1,
shows that a value 6, which minimizes the above bound is the median of the
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length-biased distribution associated with H; that is, a 6y which satisfies
0o
/ 0dH(0) = EO/2.
0

The value of the bound then is 2H (fy) — 1. For example, if © has the scaled
beta density function given by

h(0) = Bo°=1/cP, 0<0<c,

where 8 > 0 and ¢ > 0, then 6y = 2~ /D¢, and the bound 2H (6y) — 1
(with H(0) = (6/c)?, 0 < 0 < ¢) yields

sup| Fj, () — G(x)] < 2/ — 1, (3.16)
T
In Table 4 we give this bound for some selected values of 3.

TABLE 4. BOUNDS FOR MIXTURES OF THE HJORTH DISTRIBUTION
B 3 4 5 6 7 8 9
Bound (3.16) .1892 .1487 .1225 .1041 .0905 .0801 0718

Another application in reliability theory involves the imperfect repair
(or proportional hazard) model of Brown and Proschan (1983). This model
is, in fact, a special case of (3.15) with ¢ = 0 and sy(xz) = 0s(x) for some
nonnegative function s. Then, Fp in (1.1) has the survival function of the
form Fy(z) = Fa(x), xz > 0, where F' has the hazard rate function s above.
In the notation used in Theorem 2.1 we have here ry(x) = 0s(x). It is easy
to verify that (2.2) and (2.3) hold (even if s is not monotone), and thus,
again,

sup |y, () — G(x)] < E|(©/60) — 1|, for any 6,

and the comments about the optimal 6y and the optimal value of the bound,
given above, apply here too. (It is worth noting that using a suitable trans-
formation, this bound also follows from (3.2) in Shaked (1981).)
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